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KalmanFilteringApplications

•IntroductiontoKalmanfiltering

•Targettrackingapplicationsandmotionmodels

•Changedetection

•Sensorfusion
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KalmanFilteringinPractise

Youneedagoodmodel

xt+1=Atxt+Bu,tut+Bv,tvt,Cov(x0)=P0,Cov(vt)=Qt

yt=Ctxt+et,Cov(et)=Rt

andunderstandingoftuning:
•TheadaptationgainαwhichscalesQtoαQ(thestatevariation)
or,equivalently,RtoR/α(themeasurementnoise).
Morestatevariation⇔lessmeasurementnoise⇔fasterfilter.
•ThetransientspeedP0.
Largerinitialuncertainty⇔largerP0⇔shortertransient.

Trade-offfasttrackingtogoodnoiseattenuationwithα.
Trade-offinitialknowledgeofx0toshorttransient.
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KalmanFilter

x̂t=F(q;α,P0,A,B,C,D,Q,R)

(yt

ut

)

•Chooseimplementation(filter,predictor,smoother,squareroot
algorithm).Seeadkalman.

•Iterateoptimizationofdesignparameterα,P0usingsubjectiveor
objective(RMS)criteria.

•Iteratemodelinguntilsatisfaction.
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TargetTracking

Applications:
•Airtrafficcontrol(ATC)
•Militaryapplications(e.g.bearingsonlytracking).
•Surveillance(e.g.highwaytraffic)
•GPS(sortoftargettracking)
•Navigationapplications

Characteristics:
•Sensors
•Motionmodels
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SensorsinTrackingandNavigation

•Radargivesbearingandrange
•Bearingonlysensorsincludinginfra-blue(IR)andradarwarning
systems.
•RangeonlyinformationinGPS.
•Cameraandcomputervisionalgorithms.
•Trackinginformationfromothertrackers.
•Navigationsensorsasbaro-altitude,terrainbasedalgorithmsusing
groundradar,inertialnavigationsystems(INS),GPS,etc.
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MotionModels
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Basicprinciple:Newtonslaw

mẍ1=F⇒
ẋ1=v1

v̇1=a1=F/m=w1=whitenoise
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Priorknowledgethatcanbeused:maximalaccelerationmuchlarger
inlateralthanlongitudinaldirection.Thecoordinatedturn(CT)
assumption.

•Afourstatelinearmodelwithx=(x1,x2,v1,v2)
T

.
•Asixstatelinearmodelwithx=(x1,x2,v1,v2,a1,a2)

T
.

•Afourorsixstatelinearmodelwithstatedependentcovariance
matrixQ(xt)(CTassumption).
•Afivestatenon-linearmodelwithextraturnratestate.

x=(x1,x2,v1,v2,ω)
T
,orx=(x1,x2,v,h,ω)

T

(hisheading)togetherwithanextendedKalmanfilter.
Seennnplane.
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QforCoordinatedTurns

Assumption:letQ=diag(qv,qw)andqv=0.01qw.
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Application:AirTrafficControl

ComparisonofthefivedifferentmodelsforATC.
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Application:HighwaySurveillance

Ahelicopterhoveringoverahighwaymeasuresthepositionofallcars
forsurveillancepurposes(theWITASprojectonLiTH)

−80−60−40−200204060
−50

0

50

100
Car position from computer vision system

East−West Position

N
orth−S

outh P
osition

Original position
Kalman filtered position

020406080100120140160
−4

−3

−2

−1

0

1

2

V
elocity

Time [samples]

Differentiated position in west−east data

Original data
Kalman filtered data

Thebiasinthemiddleplotisjusttheretohighlighttheillustration
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NoiseDistribution
Residualsfromhighwayfiltering.
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•Measurementnoisecaninapplicationsoftenbeconsideredas
Gaussiannoise.
•ValidationofKFoptimality
•Validationofassumptionsinchangedetectionalgorithms
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StatisticalDerivation

Useconditionalexpectation.

AssumethatXandYarejointlygaussian
(X

Y

)
∈N

((μx

μy

)
,

(PxxPxy

PxyPyy

))
=N(μ,P)

ConditionaldistributionofX,givenY=y:

(X|Y=y)∈N(μx+PxyP−1
yy(y−μy),Pxx−PxyP−1

yyPyx)
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ConditionalMean

x̂
CM

=E(X|Y=y)=μx+PxyP−1
yy(y−μy)

Cov(x̂
CM

)=Pxx−PxyP−1
yyPyx

ConditionalMean=MinimumVarianceEstimator
=MaximumAPosterioriEstimator(onlyforGaussian)
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KalmanFilter

•LetX=x(t)|y(1),..,y(t−1)andY=y(t)|y(1),..,y(t−1).

•OnlyPxx,Pyy,Pxyareneed.Theycanbedeterminedfromthe
model.

xt+1=Atxt+Bu,tut+Bv,tvt,Cov(x0)=P0,Cov(vt)=Qt

yt=Ctxt+et,Cov(et)=Rt
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TheAlgorithm

1.Letx0∈N(x̂0|0,P0|0)

2.Assumext−1|y
t−1

∈N(x̂t−1|t−1,Pt−1|t−1)

3.Timeupdate(justsimulation):

x̂t|t−1=At−1x̂t−1|t−1+Bu,t−1ut−1

Pt|t−1=At−1Pt−1|t−1A
T
t−1+Bv,t−1Qt−1B

T
v,t−1⇒

(xt|y
t−1

)∈N(x̂t|t−1,Pt|t−1)
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4.Measurementupdate:

E(X|Y)=μx+PxyP−1
yy(Y−μγ)

Cov(X|Y)=Pxx−PxyP−1
yyPyx.

Pxy=E[(xt−E[xt])(yt−E[yt])T|yt−1]
=E((xt−x̂t|t−1)(Ctxt+Bv,tvt−Ctx̂t|t−1)T)
=Pt|t−1CT

t=PT
yx

Thisgives

x̂t|t=x̂t|t−1+Pt|t−1C
T
t(CtPt|t−1C

T
t+Rt)−1

(yt−Ctx̂t|t−1)

Pt|t=Pt|t−1−Pt|t−1C
T
t(CtPt|t−1C

T
t+Rt)−1

CtPt|t−1

⇒(xt|y
t
)∈N(x̂t|t,Pt|t)
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Innovations

εt=yt−Ctx̂t|t−1,Cov(εt)=St=CtPt|t−1C
T
t+Rt

Independent(oruncorrelated)!

Innovationmodel:
yt=Ctx̂t|t−1+εt

Conditionaldistribution:

(yt|y
t−1

)∈N(Ctx̂t|t−1,St)

IterateBayes’rule

p(y
t
)=p(yt|y

t−1
)p(y

t−1
)
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TheInformationFilter

Kalmanfilterhassimpletimeupdateandcomplicatedmeasurement
update.

Informationfilterhassimplemeasurementupdateandcomplicated
timeupdate.

Compareleastsquaresalgorithm(A=IandQ=0):

ft=ft−1+C
T
tR−1

tyt

P−1
t=P−1

t−1+C
T
tR−1

tCt

x̂t|t=Ptft.
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Introducethetransformedstatevectora(cfthevectorfinLS):

ât|t=P−1
t|tx̂t|t

ât|t−1=P−1
t|t−1x̂t|t−1

TheKalmanfiltertimeupdateisnowverymessybutmeasurement
updateissimple

ât|t=ât|t−1+C
T
tR−1

tyt

P−1
t|t=P−1

t|t−1+C
T
tR−1

tCt
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SensorFusion

CentralizedfilteringDecentralizedfiltering
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Advantage:faultdetectionby“voting”possible.
Disadvantage:heavysignaling.
Practicalconstraint:built-inKFinsensors.
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CentralizedFiltering

Simpleconcept.Justconcatenatethemeasurements.
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GeneralFusionFormula

Supposetwoindependentstateestimates

x̂
1
,x̂

2
,P

1
,P

2

Fusionstraightforward:

x̂=P((P1
)−1

x̂
1
+(P

2
)−1

x̂
2)

P=((P1
)−1

+(P
2
)−1)−1

.
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DecentralizedFusion
Thesub-optimalapproach.Statespacemodel:

(x1
t+1

x2
t+1

)
=(At0

0At

)(x1
t

x2
t

)
+(Bt0

0Bt

)(v1
t

v2
t

)
,Cov(v

i
t)=Q

yt=

(C1
t0

0C2
t

)(x1
t

x2
t

)
+

(e1
t

e2
t

)

ThediagonalformsofĀ,B̄andC̄imply:
1.KFdecentralized.
2.Thestateestimateswillbeindependent.Thus,thefusionformula
applies.
3.Thereisonlyonesystem,andthusonlyonestatenoise!Thestate
noiseshouldbe

(Bt

Bt

)
vt

Consequence:Pistoosmallinthesuboptimalapproach.
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TheOptimalApproach

TheCentralFiltermustrecoverthemeasurements(“inverseKF”)or
rathertheirinformation.

Derivationfromtheinformationfilter.Studythemeasurementupdate:

ât|t=ât|t−1+C
T
tR−1

tyt

whereât|t=P̂−1
t|tx̂t|t.Measurementerrorcovarianceblockdiagonal:

ât|t=ât|t−1+(C
1
t)

T
(R

1
t)−1

y
1
t+(C

2
t)

T
(R

2
t)−1

y
2
t

Notethatthiscanbedonewithoutforminglargermatrices
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EachdecentralizedKFhascomputedameasurementupdate

â
i
t|t=â

i
t|t−1+(C

i
t)

T
(R

i
t)−1

y
i
t

RecovertheinformationfromavailableKFquantities:

(C
i
t)

T
(R

i
t)−1

y
i
t=â

i
t|t−â

i
t|t−1

=(P̂
i
t|t)−1

x̂
i
t|t−(P̂

i
t|t−1)−1

x̂
i
t|t−1

Optimaldecentralizedfusion:

P̂−1
t|tx̂t|t=P̂−1

t|t−1x̂t|t−1+
2 ∑

i=1

((P̂
i
t|t)−1

x̂
i
t|t−(P̂

i
t|t−1)−1

x̂
i
t|t−1

)

Statecovarianceinthesameway.
TimeupdateaccordingtotheCentralKF.
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ChangeDetection

�
Data

yt,ut

Kalmanfilter�
x̂t,εt

St,Pt|t−1

Distancemeas.�
st

Stoppingrule�
Alarm

k̂,ta

Distancemeasurest:
1.Normalizedinnovations

st=S−1/2
tεt.

Disadvantage:Notsensitivetovariancechanges.
2.Thesquarednormalizedinnovations

st=ε
T
tS−1

tεt−ny.

Disadvantage:Sensitivetoscalingsofcovariancematrices.
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Example

Targettrackingexample.InnovationsfromaKalmanfilter.

0123456

x 10
4

−1

−0.5

0

0.5

1

1.5

2

2.5

3

3.5

4

x 10
4

Measured position 
Estimated position

01020304050
−1000

0

1000

εt

01020304050
0

50

100

εt T S
t −1

εt

01020304050
0

5

10

g
t

01234567

x 10
4

−1

−0.5

0

0.5

1

1.5

2

2.5

3

3.5

4

x 10
4

Measured position 
Estimated position

1.The2Dpositionerror.
2.Thenormalizedsquare(withoutsubtractionofny).
3.Theteststatisticsinthetwo-sidedCUSUMtestusingthesumof
innovationsasinput.
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NextTime:FilterBanksforStateChanges

•Explicitmodelingofadditivechange:GLRandMLR

•Multiplemodels:pruning,mergingandoff-linealgorithms
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